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We consider the Lidnard equation 

5” .i f (2)X’ -. ,C (I) =- 0 

We assume the functions f (2) and 6 (2) to be such, that 

a) the conditions of existence and uniqueness of the solution are fulfilled, 

b) 24 (z) > 0 for any z E (a, b) and z + 0, 

(1) 

Y 

c) z 
5 

j (t) dz > Ofor any z E la. !I] and z # 0, and, 
n 

that z E (-zm, z,) C [a, b] can be found such rhat f (z) > 0. 

A system equivalent to (1) has the form 

I’ : !,, y’ :-- f (I) y -- g (2) (2; 

The stability of the origin of coordinates was studied for more general systems using the 

Liapunov functions, in [l - 51 and others. 

The present paper introduces the additional condition (c), which makes possible a sim- 

ple estimation of the region of attraction of the origin of coordinates. The result obtained 

is used to study the systems encountered in radio engineering and automation. 

Theorem. If conditions (a),(b) and (c) hold for system (2). then the equilibrium 
position J - 1/ - 6 of the system is asymptotically stable. The region ofattraction of 
zero solution is obtained in the form 

The upper limit of integration rt depends on the behavior of the functions f (I) and 
c’ (I) on the interval (a, 1~. Thus, in (2), the root of the equation f(z) = 0 , I E [a, b] 
nearest to the origin of coordinates is chosen as r{ =. r7,. In the case when the equation 

! (I) 7 n has no roots on the interval [a. b], it is assumed that z,, = min (1 a I, ( b 1,. 
Passing to the Lidnard phase plane variables 

we use the root of the equation g (2) = 0 nearest to the origin of coordinates as Zi=lk. 

To prove the theorem, we consider the Liapunov function in the form 
7. 

I’ II. ?/) = $ y? -l- c p (I) dz 
II 

which, by virtue of the condition (b) of the theorem, is positive definite in the region 
1) : (1. E (n. b), z # 0. 1 y ( < -+ w}. Taking the total derivative of V with respect to 
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time we obtain, by virtue of the system (2) and therefore of the system (4). 

v’ l(r) = - Y’l (z). V’ I@) = - P (2) p (2) 

Under the restrictions (a),(b) and (c) formulated above we have V 1,s) <0 and tr lt4, < 0 
for all 2, g E D. From the systems (2) and (4) it follows directly that the sets v ((s) = 

O(Y = 0) and V 1,s) = 0 (either g (t) = 0 or P (t) = 0) do not contain complete tra- 

jectories , the exception being the state of equilibrium t = Y = 0. Then by the theo- 

rems of [l. 21. the state of equilibrium z = y = 0 is asymptotically stable. 
In the region (3) the following inequality holds for all z, Y E D 

0 < v (2, br) < v (Zil Y) 

and this implies l’2 - 43 that (3) is the region of attraction of the origin of coordinates. 
We shall use the results obtained to investigate the systems encountered in radio engin- 

eering and automation 16-81. For example, let f (z) = (a ia) g’ (z), where a, a > 0 
[8], and let g (2) be an odd function such that 

8 !s + 2n) = g (I)* g (0) = g (n) = 8 (- JI) = 0 

max 
XfE(- n. n) 

if (4 = -syJzn) 8 (4 = 1 

In this example a+,, = zi is found from the equation g’ (z) = 0, and z; = zk is the root 

of the equation g (2) = 0 nearest to the origin. The case corresponds to an astatic con- 
trol system. As another example p] we consider Eq. (1) with 

f (2) = a [f + k o’(t)l, g (2) = gl (2) - PI a, 1, B > 0 (5) 

The function D (t) here is identical with that of the previous example. The abscissae 

of the state of equilibrium are defined from the equation 

g, (2) = 6 (g (2) = 0) 

Let (z,,, 0) be the stable state of equilibrium. We transfer the origin of coordinates to 

the point (zO, 0), setting z = rp + zn. In the case (5) Eq. (1) assumes the form 

9” i f (cp) cp’ + g (cp) = 0 (6) 

I (cp) = a ]I -t 162 (v + 41, g (v,) = 63 (cp + zo) - B 

Equation (6) is considered in the strip L : lzI - z,, - ~JT < cp < z1 - q,, 1 g I< + m}, 

where z1 is the abscissa of the unstable state of equilibrium satisfying the assertions for- 
mulated above. The upper bound for Eq. (6) is 

Cpi = { 
q+,, d cpl in the case (2) 
91 = 11 - 20 in the case (4) 

and (pm is defined from 
g1’ (cp_t 21)) = - A-’ (7) 

This implies that (7) has a solution only when k & I., where h, = I R-I ( -*; lrhen k< 

& we have, by virtue of the system (2) v’< 0 for any --cpt < cp < ‘p, since f (cp) > 0 

for cp E (--cpl, 91). 
Thus the region of asymptotic stability becomes narrower with increasing parameter 

X and in the limit as a+ oc is defined by the equation g’ (9 + ze) = 0. 
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In addition to the results in [l], wave fields of quasi-longitudinal and quasi- 
transverse elastic vibrations loom a point source of an instantaneous pulse type 
are stndied in an anisotropic medium with four elastic constants. Cases are 
considered when the wave fronts are convex closed curves and when the inner 
front consists of piecewise-smooth curves forming acute-angled edges. 

The solution characterizing the elastic vibrations of quasi-longitudinal and quasi- 
transverse type SE’ waves in an infinite anisotropic medium from a point sonrce of 
instantaneous pulse type placed at the origin is [l] 

The complex variables Br and the quantities hk are defined by the following relation- 

sips : 


